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Abstract

In this paper, we carry out a computational study of a novel microscopic follow-the-leader
model for traffic flow on road networks. We assume that each driver has his or her own
origin and destination, and wants to complete his or her journey in the minimal time. We
also assume that each driver is able to take rational decisions at junctions and can change
the route while moving depending on the traffic conditions. The main novelty of the model
is that vehicles can automatically and anonymously share information about their position,
destination, and planned path when they are close to each other within a certain distance.
The pieces of information acquired during the journey are used to optimize the route itself.
In the limit case of an infinite communication range, we recover the classical Reactive User
Equilibrium (RUE) and Dynamic User Equilibrium (DUE).

Keywords Traffic flow modeling - Vehicle-to-vehicle (V2V) communications - Differential
games - Optimal control problems

Mathematics Subject Classification 91A80 - 34HO5 - 76A30 - 34B45 - 90B18 - 90C39

1 Introduction

Context and relevant literature This paper is devoted to the study of a microscopic (agent-
based) differential model for traffic flow on networks, where vehicles are able to communicate
with each other within a certain distance. Note that we do not consider other than inter-
vehicle communications, i.e., we assume that vehicles cannot send information to or receive
information from the road infrastructure or any centralized server. We also assume that each
vehicle has an assigned origin-destination (OD) pair, and all vehicles start moving from their
origin at the same time. Moreover, each vehicle is equipped with an On-board Processing
Unit (OPU), which stores information about the geometry of the network, sends/receives
information about position, destination, planned path, and is able to suggest rational decisions
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to the drivers regarding the minimum-time route towards its destination. Since all vehicles
are assumed to have such capabilities, we fall into a noncooperative game-theoretic approach
for the overall traffic dynamics.

The network is assumed to be composed of a set of unidirectional roads and junctions.
Note that, mathematically speaking, a network resembles a graph, where arcs coincide with
the roads and nodes coincide with the junctions, but here roads have a real physical extension,
with their own space coordinates and are not mere logical connections between nodes.

Finally, we assume that roads are one-dimensional (no lanes) and junctions are zero-
dimensional, with no given priorities or traffic lights. Vehicles are zero-dimensional as well,
even if a positive length will be actually assigned for theoretical purposes.

Mathematical models for traffic flow on a single road have a very long history dating back
to the 1950s, with a huge number of research papers published on the topic. It is useful to note
that the mathematical and engineering literature often proceeded in parallel without meeting,
and arrived at the same conclusions from different points of view. Starting from the 1990s,
the extensions to road networks became frequent, and now the literature covers extensively
all possible approaches, including microscopic models, either differential (based on ordinary
differential equations) or nondifferential (e.g., cellular automata), and macroscopic models,
typically based on partial differential equations.

In this paper, we are mainly interested in game-theoretic aspects of traffic [1], which are,
in turn, related to the (rational) behavior of the drivers, especially in the context of connected
and autonomous vehicles (CAVs). It is possible—and useful—to order possible dynamic
traffic assignments (DTAs) on the basis of their degree of rationality.

e Basic behavior (BB) Vehicles follow the shortest route connecting their OD pair. The
shortest route is computed once and for all, assuming empty roads and static travel
times. While moving, vehicles regulate their velocity/acceleration on the basis of traffic
regulations and the local congestion level.

e Reactive user equilibrium (RUE) Drivers know in real-time the congestion level on
the whole network, obtained either by the knowledge of the single positions of all cars
(microscale) or by the probability density function defined on all roads (macroscale).
The congestion level is used to update the travel times on each road and continuously
recompute the fastest route to the destination. These are the same modeling assumptions
of the Hughes model in the context of pedestrian dynamics [31, 32].

e Dynamic user equilibrium (DUE) Each driver knows other vehicles’ OD pairs, and can
predict the dynamics of all other vehicles, and is able to compute the fastest route on
the basis of the current and future traffic conditions. Since this “predict and optimize”
action is equally and independently taken by all drivers, we face a noncooperative game-
theoretic problem. If a solution exists, it is a Nash-like (or Wardropian, in the traffic
context) equilibrium, which corresponds to a scenario in which all drivers have chosen
a route, and no driver can lower their time-to-destination by unilaterally switching to
a different route [18, 28, 37]. (An improvement is actually possible, but two or more
drivers should agree to change their routes.) In a macroscopic setting, this scenario is also
known as the mean field game in the mathematical literature. Note also that optimization
is not necessarily done with respect to the route choice (in other words, the behavior at
junctions), but it can also be done with respect to the vehicle’s velocity [29, 30, 36]. Past
drivers’ decisions can also be taken into account [6].

e System optimum (SO) In this case, it is assumed that all drivers accept to follow a
route externally assigned to them by a centralized entity, usually the road manager. The
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primary goal here is to optimize some global network performance (e.g., minimizing the
total travel time, pollution emissions, or congestion levels).

In recent years, many researchers have proposed models which fall in between the afore-
mentioned behaviors, often referred to as models with partial knowledge or partial control,
bounded rationality, multi-informed, or myopic (in space or time). Let us mention, e.g., [14]
for the hybrid BB-RUE model, [17, 39] for the hybrid RUE-DUE models, and [37] for the
hybrid DUE-SO model.

Mixed scenarios, where some vehicles behave in a way and the remaining vehicles behave
in another way, were also proposed; see, e.g., [27, 42, 43]. This is very common when one
considers traffic scenarios composed of both human-driven vehicles (HDVs) and connected
and automated vehicles (CAVs).

Let us also mention that, in this framework, it is defined the so-called price of anarchy
(PoA), i.e., the ratio between the total travel cost under the user equilibrium and the total
travel cost under the SO assignment [9, 37].

The main topic of interest of this paper is that of vehicle-to-vehicle (V2V) communications,
i.e., the possibility that vehicles share information whenever they get close enough to each
other. As far as we know, traffic models including V2V technology have not been studied
so far in the mathematical literature, while they were extensively studied in the engineering
literature for a long time; see, e.g., [26]. In this respect, it could be useful for the reader to
recall that V2V communications are also known as inter-vehicle communications (IVCs) or
vehicular ad hoc networks (VANETS). The last term can also include vehicle-to-infrastructure
(V2I) communications [24], which are wireless communications directed to a centralized
server installed by the road manager.

V2V communications can be used for different goals, as well reviewed in the recent papers
[2, 4,25, 45]. They can be divided into two macro-categories.

e Local goals. Communications are dedicated to avoiding front-rear collisions (vehicles
transmit the imminent intention of braking to the following vehicles), coordinating merg-
ing and lane-changing activities, and avoiding collisions at junctions (vehicles reach an
agreement on which vehicle should go first at the intersection); see, e.g., [25]. Commu-
nications can also be used to support cooperative cruise control and platooning, aiming
at, e.g., reducing fuel consumption or avoiding instabilities in traffic flow. Data packets
usually contain the vehicle’s position, velocity, acceleration, and direction of travel.

e Global goals. Communications are used to spread alert information across the whole road
network, allowing drivers, even far away, to reroute for avoiding congested areas. Data
packets usually contain the vehicle’s position, degree of local congestion, travel times,
presence of accidents with the timestamp of their occurrence, and information about road
closures; see, e.g., [21, 34, 38, 47]. In [46], data packets also include the planned route
in order to predict the encounters between vehicles and then optimize communication
events across the network.

It is also worth citing the papers [3, 8, 33] that investigate how fast the information
(whatever it is) spreads across the road network, hopping from one vehicle to another, and
how this feature can be exploited for several purposes.

Finally, let us mention that V2V communications can be performed using a number of
different technologies, each having its maximum transmission range and comes with anumber
of technical problems [25]. One of these, let us mention the broadcast storm problem, which
corresponds to excessive broadcast packets overwhelming the network and can happen when
many vehicles, close to each other, bounce the same information back and forth. Good reviews
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of this and other technical problems, including privacy issues and security issues (hacking),
are [24, 25, 44].

Although this paper is confined to the microscopic scale, we will always keep an eye on
possible macroscopic counterparts of the considered models. With this in mind, it is useful
to recall here some important papers on many-particle limits. The first-order microscopic
differential model we use here was proposed in [16]. In the same paper, the authors show
that its many-particle limit coincides with the classical LWR model [35, 41], whose discrete
version (when the Godunov numerical scheme is employed for discretization) is also known
as CTM [20] in the engineering literature. The same limit was further studied in [22], and
then in [5]. The model’s generalization to road networks, extensively used in this paper, was
proposed in [19], together with some preliminary results about its many-particle limit. The
authors of [19] show that the best candidate for the macroscale limit is the path-based model
proposed in the twin papers [10, 11], and further studied in [23].

Main contribution In this paper, we study the potential of sharing, in a V2V communications
context, the destinations of road users. In a real scenario, we obviously imagine an encrypted
and anonymous communication protocol which only shares data in the aggregate form,
to avoid privacy issues. Moreover, we assume that all computations are performed by the
OPU, in such a way that human drivers, if present, do not have direct access to sensitive
information. That said, in this paper we will not address this kind of problem, keeping an
“applied mathematics” point of view. Once the OPU has acquired desired destinations from
the neighboring vehicles, it can use this information for the owner’s advantage, e.g., for
minimizing the time to the destination. If only past and current information is used, we get a
new kind of RUE with partial knowledge, while if we also consider future traffic conditions,
predicted by the OPU itself, we get a new kind of DUE, again with partial knowledge. Both
equilibria are modulated by the transmission range, which acts as a parameter, and they are
expected to converge, respectively, to the standard RUE and to the standard DUE in the limit
of infinite range.

Paper organization Section?2 introduces all the basic ingredients of the models, including
standard RUE and DUE. This is useful for having some reference results for the novel models
investigated later on.

Section 3, which is the core of the paper, introduces two novel models which extend RUE
and DUE by exploiting V2V communications, and shows the results of some numerical tests.

The paper is concluded with some comments and ideas for future research.

2 The Models with Full Information

In this section, we recall the follow-the-leader microscopic differential model we use for
describing the vehicle dynamics. The main reference for this part is [19]. After that, we
discuss the process of route choice, following the previously introduced scheme (BB, RUE,
DUE).
Notations Let us define a road network AV, composed of Ny roads indexedbyR = 1, - - - , N,
and Ny junctions indexed by J = 1, --- , Nj. Each road R is unidirectional, and connects a
junction 35" (begin) to another junction J‘*R“Cl (end). Its length is denoted by Lg. At the same
time, each junction J is associated with a set of incoming roads {r}nc}, and to a set of outgoing
roads {r?"}. This defines the geometry of the network completely.

Let us also introduce notations for the cars moving on /. We consider Nc cars indexed by
Cc=1,---, Nc. Each car is characterized by the junction Oc from where it starts its journey
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with Lz = 50

Fig. T Networks are utilized for numerical tests, with road and junction numbering. Roads are all one-way,
and their colors indicate the direction of motion (blue = up, brown = down, red = right, green = left). Roads
between the same pair of junctions are actually superimposed, and the shift is only for pictorial purposes. Cars
are visualized as colored dots

(origin), the junction D¢ that it wants to reach in minimal time (destination), the road R¢(?)
on which it is located at any time ¢, the distance xc(¢) € [0, Lg.] from the origin J]S{Can of the
current road (coordinate of the segment), and its speed vc ().

We also denote by ¢ the length of a vehicle, and by L their total length. It is important
to note that there are two ways to vary the total number of cars Nc: one can do it keeping
£ fixed or one can keep the relation £ = L true, for a fixed L. In the first setting (actually
the one considered in this paper), one truly changes the number of vehicles adding mass to
the system, and therefore increases the degree of congestion of the network; in the second
setting, instead, one assumes that cars “shrink” as their number increases, preserving the
total mass of the system. This way, we are just moving from a microscopic description to a
macroscopic one, and, in the limit, cars disappear and are substituted by a density function
with the same total mass [19].

Each car C has a desired path along the network which joins Oc and Dc. The path is defined
by the driver’s choices at junctions, i.e., by the function (¢,J) — NEXTROADc(?, J) which
denotes the road which should be taken by the car C if it reaches junction J at time ¢. Clearly
NEXTROADc (7, 1) € {r°"}. To enforce the stop at destination, we set NEXTROAD(#, D¢) = &
At this point, we assume that the car disappears and cannot be seen by anyone.

Finally, we define the function 1 — NEXTCARc(#) which gives the index of the car pre-

ceding car C at time ¢, along the path of car C. It is possible that such a car does not exist; in
this case car C is labeled as a leader and NEXTCARc(?) is set to &.
Considered networks For numerical tests we will consider two road networks, see Fig. 1.
The simple 11-road network is mainly used to highlight the difference between RUE and
DUE and check the correctness of the numerical code. The Manhattan-like network is instead
chosen to highlight the role of V2V communications and study the spreading of information
in a perfectly symmetric context. Note that the second network allows cars to choose many
equivalently optimal paths to reach their destinations.
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2.1 Dynamic Network Loading

The vehicles’ dynamics is assumed to be first-order, meaning that it can be described by a
system of first-order ordinary differential equations

Xc(t) = ve(c(t)), t>0, c=1,---,Nc, (1)

where 8c(t) is the distance between car C and NEXTCARc(?) at time 7 (§c = o0 for leader
cars) and vc(-) is a given velocity function. The initial condition is given by the couple
(Rc(0) = NEXTROAD((0, Oc), xc(0)).

We define the velocity function as

0, s < ¥,
vmax(1_§)75>€»

where vnax 1s the maximal velocity. In this way, the velocity is proportional to the headway
of the car C, and bounded in the interval [0, vmax]. When a car reaches the end of its current
road, it continues on the next road along its path as prescribed by the function NEXTROAD.

As already noted in [19], the right-hand side in (1) is not continuous in time, since §¢ is
not. Moreover, this model does not guarantee that the distance between cars is larger than ¢
at any time, even if such a constraint is satisfied at t = 0. However, pairs of cars closer than
£ to each other can be found only in small intervals [Lry — ¢, L] just before any junction,
and their number is bounded by the number of incoming roads of that junction, see [19, Sect.
3.1] for details. If this happens, the car behind stops and waits to have enough space ahead
to move on.

Finally, as already mentioned in the Introduction, we recall that the micro-to-macro limit
of this model was investigated in [19].

5e(8) = { ®)

2.2 Static Route Optimization via Dynamic Programming Principle (DPP)

BB just requires computing the shortest path for any car C from origin O¢ to destination D¢
once and for all, ignoring the presence of other cars on the network. Since vehicles’ dynamics
is not involved here, this is a standard discrete optimization problem on a graph. To solve it,
one can simply employ the Dynamic Programming Principle (DPP).
First of all, we define the static travel time wg(R) of road R as
Ly

ws(R) = )
Umax

which acts as the cost (or weight) of the road R in the minimization. After that, for any car C,
we define the value function V¢: {1, ---, N;} — R™, which associates to any junction J the
minimum time to reach the destination D¢ from that junction along the optimal path. Note
that in this scenario the velocity is constant, so the shortest path coincides with the fastest
path.

The DPP states that the value function V¢ is the solution to the boundary-value problem

Ve(d) = min {Vc(Jﬁnd) + wS(R)}s VI # Dc,
Re(r} (3)

Ve(De) =0,

where the set {r®"'}, J # Dc, gives the set of admissible controls (in other words, the shortest
path is found by choosing, in the optimal way, the outgoing roads from each junction, until
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Dc is reached). V¢ can be easily computed by a fixed-point algorithm, i.e., iterating the first
equation in (3) until convergence, starting from V:(J) = 400 as the initial guess for all
J # Dc. Note that the convergence is always obtained in a finite number of steps.

Once V. has been computed, the optimal (static) NEXTROAD function is easily found as

NEXTROADc(J) = arg_min (Ve + wy®)}, Ve, Vi
Re(rP"}

2.3 Reactive User Equilibrium (RUE)

In order to compute the RUE the procedure is similar to the previous case, but it must be
repeated at any time ¢ because of the time-dependence of w. Indeed, in this case w(z, R) is
defined as the time needed to drive along road R, starting from the beginning of the road at
time z. The travel time depends on the other cars present on the road, thus different congestion
levels actually affect the weights w.

While in the macroscopic setting one can simply define w(z, R) = [, m with p (¢, x)
being the density of vehicles and v(p) being their velocity, in a microscopic setting, instead,
the computation of w(z, R) is much trickier. Several techniques have been used in the liter-
ature, and many other papers, especially in the engineering literature, lack some details on
this point. Here are some possible methods.

M1 w(t, R) is the average travel time experienced by the cars passing along the road R
before time ¢, duly weighted in time to prioritize most recent vehicles.

M2 w(t, R) is any increasing function of the number of vehicles on the road R at time ¢.

M3 w(t,R) is equal to Ly /0 with 0y being the average velocity of the cars on the road R
at time 7.

M4 w(t, R) is the time needed to reach the end of the road R by a probe vehicle that starts
moving at time ¢ from the beginning of the road R. The probe vehicle exists only in a
fictitious simulation, which is an exact copy of the real one (same network, cars, and
dynamics) and it is run to the side of the main simulation when needed.

In any case, it must be considered that one can get very large values for w (or even 4-00),
because of the presence of queues. Moreover, yet another difficulty arises when DUE comes
into play, we will detail this point in the next section.

The DPP takes the form

Ve, ) = min {Ve( 18 +w(@, R)},  VI#Dc,
Re{rf"} 4)
Ve(t,De) = 0,

where 7 is any fixed time, which acts as a parameter here in this context.
Then,
NEXTROAD(7,J) = arg min {Ve(@, 18" + w(@,R)},  Vc, Vi

Re{rP"}

2.4 Dynamic User Equilibrium (DUE)

The procedure for computing the DUE is different from the previous ones and more com-
plicated, because the dynamic network loading (forward-in-time traffic flow model) and the
route optimization (backward-in-time DPP) are fully coupled in the space-time and must be
computed as in [12, 13, 18, 28, 37].
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Let us consider a final time 7§, large enough to be sure that all cars have reached their
destination at that time. The DUE is given by the tuple

(xc(r), Re(r), w(t,R), Ve(t, ), NEXTROADc(Z, 7)) ®)
forall C, 1, R, and ¢t € [0, Tf,] such that (1)—(2) are satisfied and

Ve(t,)) = min {Ve(r +w(t,R), ) +w(t, R}, VI #Dc, 1€ [0, Tinl,
Re{r"}
Ve(t,Dc) =0, 1 €0, Thnl,

(6)
Ve(Thin, 1) = +00, VI # Dc,

NEXTROAD(t, I) = arg minl {Vet +w(, R), 1Y+ w(e, R)}, VI#Dc
Re{rP"}

is satisfied as well. The function w is again computed by one of the methods M1-M4 men-
tioned above, and couples the forward and the backward parts of the system of equations.
Note that it is normal that, at equilibrium, Ve = 400 at some J, even for t < Tg,. This
happens if there is not enough time to reach the destination before 7§, starting from J at time
t. The region in the space-time where V¢ is finite is called the reachable set in control theory
[7, Chap. IV, Sect. 1].

The actual computation of the solution (5) is not easy, and several methods have been
devised in the literature. We have used one of the most common methods, which consists of
iterating the forward-in-time and the backward-in-time equations, keeping NEXTROAD fixed
for all C in the first case and w fixed for all # and R in the second case. Iterations keep going
until convergence is reached, if any. To add complexity, many possibilities exist to define
convergence in this framework: one can check if all positions of all cars at all times stabilize
at some iteration, or at least the functions NEXTROAD stabilize. We have preferred to employ
an even weaker indicator, i.e., we check if the fotal travel time (TTT), defined as the sum of
times needed by all cars to complete their journey,

TTT:= ) TTe,  TTc := min{t: 55 = be and xc = Lg,}, @)
C

eventually stabilizes. Doing this, of course, there is the risk of masking different route dis-
tributions with the same global TTT. That said, in any case the exact convergence is really
difficult to obtain in a microscopic framework, and some initial conditions easily lead to
instabilities, as reported in many papers; see, e.g., [ 15, 40]. To fix this, some techniques have
been proposed; among them, we have chosen the method of successive averages (MSA) (cf.
also the fictitious play technique), consisting of using an average of the values of the weights
w obtained in previous iterations rather than just the last available value.

Note that instabilities can also arise at the macroscopic scale, unless a regularization term
is added; cf., e.g., [17, 18].

Remark 1 (Match between forward and backward dynamics) It is useful to note here that
the link between the forward-in-time model (1)—(2) and the backward-in-time model (6) is
obtained by means of the function w. In fact, drivers optimize their path assuming a certain
travel time for each road at each time, and then that travel time corresponds exactly to that
one experienced by a car that passes on that road at that time. In principle, there is no reason
to require that the two travel times (the real one and the one used as weight in the optimization
process) coincide, because one can assume that drivers do not know exactly the real traffic
flow dynamics because of a wrong perception. At the same time, one can expect that having
perfect symmetry in forward and backward dynamics can reduce instabilities of DUE.
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Table 1 Parameters used in numerical simulations

Parameter Symbol Value Unit
Time step At 0.6 S
Number of junctions (Manhattan-like network) Ny 32, 52, 72 -
Length of each road (Manhattan-like network) Ly 50-300 m
Number of vehicles Nc 25-100 -
Maximal velocity Umax 50 km/h
Length of each vehicle 4 10 m

Method M1 is robust and temporally smooth but reacts slowly to rapid congestion changes,
since it relies on past observations. Therefore, it may delay path updates. Moreover, it needs
at least an additional parameter for prioritizing most recent vehicles.

Method M2 is the simplest and most economical one. However, it only reflects instan-
taneous density and does not distinguish different headway configurations, queues, or
stop-and-go patterns, making it rather coarse.

Method M3 is easy to compute, reacts quickly to current congestion, and is almost aligned
with the microscopic dynamics, since speeds directly encode headway.

Finally, method M4 seems to guarantee perfect symmetry in forward and backward dynam-
ics; also, it is in line with the DPP in the space-time (6), which states that if one moves along
the optimal path (unknown), “the time needed to reach the destination from any junction
J at time ¢ equals the time 47 to reach the following junction J* plus the time to reach the
destination starting from junction J* at time ¢ + §¢”. The time 4t is indeed the time computed
in the fictitious simulation. Actually, we observed that method M4 reduces instabilities for
some initial conditions, but the improvement is not always consistent.

Considering the major difficulty in implementing M4, and the increased computational
time, we think that the best balanced choice among all is M3; therefore, we adopt it in all our
simulations.

2.5 Numerical Tests

To conclude this section, we present some preliminary numerical tests that will serve as a
reference for the results of the novel model detailed in Sect.3. Equation (1) is solved by
means of the Explicit Euler scheme with the time step Az. The model parameters are chosen
as summarized in Table 1. For computing the weights w we have always used method M3,
but DUE was also computed using method M4 for comparison. The final time 75, was always
chosen large enough so that all cars eventually reach their destination. The cars’ length ¢
in (2) includes the minimal free space usually left between cars, even if full congestion is
reached.

2.5.1 Test 0: Basic Statistics

Many tests we will perform in the following involve random origins and/or destinations.
This is also done because we want to keep an easy-to-get macroscale counterpart of our
experiments, and random uniform initial and final conditions are associated with constant
initial and final densities throughout the network. Working with random variables requires
observing average quantities (expected values), therefore the question arises of how many
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Fig.2 Test 0. Cumulative average of TTT obtained for RUE, with Lg = 50 and random OD pairs

runs (repetitions) have to be performed in order to have meaningful statistics. The quantity
that we will study the most is the total travel time TTT defined in (7). Moreover, we expect
RUE to be the dynamics with larger deviations, so we run 300 simulations for that behavior
on the Manhattan-like network with random OD pairs, Ly = 50, and we plot the cumulative
average

_ 1 <
X, ==Y TITG), r=1,--,300,
i
where TTT(i) is the total travel time for run i; see Fig. 2.
After that, we use the standard formula
_ 0,

P(IX, —ul<go)=1—a, &q:= t%,,,lj’;, ®)
where u is the true mean of TTT (approximated by TTT(500)), o, is the standard deviation
of the r values, Ig r1 is the Student’s ¢ distribution with » — 1 degrees of freedom, and
a € [0, 1] is a parameter related to the reliability of the estimation. By setting ¢, , = 0.25
minutes and « = 0.01, we find that performing 300 runs is a reasonable choice for RUE,
then it is for BB and DUE too. Consequently, in the tests that follow, we will always provide
results obtained by averaging over 300 runs.

2.5.2 Test 1: BB vs. RUE vs. DUE

In this test we compare BB, RUE, and DUE on the two networks depicted in Fig. 1. Let us start
with the simple 11-road network, which is specifically designed to highlight the differences
among the three degrees of rationality. The destination is junction 4 for all Nc = 50 cars,
while initial positions are distributed across roads 2, 6, and 8. BB prescribes that all cars
follow the shortest path, in particular cars starting from road 8 move straight through roads
0, 7, and finally 5 (Fig. 3a).! RUE instead prescribes that cars starting from road 8 initially
choose the shortest path, then they switch to the longer path 1-9-3-4 whenever the shortest

1 www.emilianocristiani.it/attach/paper_trafficV2Vmicro_smallnetwork_50cars_BB.mp4.
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n=94

n=94 n=94

9

(c) DUE

Fig. 3 Test 1. Three screenshots, corresponding to the same time ¢, of the simulation on the 11-road simple
network (colors are just pictorial). They clearly show the difference among the three degrees of rationality

becomes congested due to the merge with the cars coming from 2 and 6. When the longer
path becomes congested as well, they reswitch to the shortest one (Fig. 3b).2 Finally, DUE
prescribes that cars starting from 8 are able to forecast the congestion on road 7 well before
reaching the first junction, therefore they immediately start alternating between roads 0 and
1 in such a way that the shortest and the longer paths become competitive with each other
(Fig. 3c).3

The difference among the three degrees of rationality is clearly visible when looking at
the TTT; see Fig. 4a. As expected, DUE performs better than RUE which, in turn, performs
better than BB. In addition, the improvement due to the higher degree of rationality increases
with the number of cars.

We have also run a similar test on the 5 x 5 Manhattan-like network with random OD pairs
and Li = 50. In this case, the three behaviors are more similar to each other in comparison
to the previous case. This can be well observed by comparing the TTT values for different
values of N¢; see Fig. 4b. We think that the main reasons for that are the large number of
equivalently optimal paths and the lower degree of congestion.

B www.emilianocristiani.it/attach/paper_trafficV2Vmicro_smallnetwork_50cars_RUE.mp4.

3 www.emilianocristiani.it/attach/paper_trafficV2Vmicro_smallnetwork_50cars_ DUE.mp4.

@ Springer



Communications on Applied Mathematics and Computation

T T T ' ‘BB
200k o—BB 30 —&—RUE
—&— RUE
—&6—DUE —&— DUE
180 -
251
160
140 -
é ER
= 120 p
=
= =
& 100 1 =
15+
80
60 [
10}
40
20 3 K L L L L L L L
30 40 50 60 70 80 90 100 30 40 50 60 70 80 920 100
Ne Ne
(a) 11-road network with fixed OD (b) Manhattan-like 5 x 5 network
pairs with random OD pairs and Ly = 50

Fig.4 Test 1. Comparison between average TTT’s obtained with 25, 50, 75, and 100 cars and different degrees
of rationality (BB, RUE, DUE)

Table 2 Additional model parameters dedicated to V2V communications

Parameter Symbol Reference value Values explored Unit
Communication range R 150 [0, +00) m
Communication pause Sc 0 [0, 30] S
Memory sm +00 [0, 4+00) min
Cascade effect - Yes Yes/no -

3 The Models with V2V Communications

In this section, we introduce the main novelty of the paper, namely V2V communications.
The idea is that any time two vehicles come closer than a threshold distance R to each other,
they are able to share information. In particular, we assume that any car C can possibly share:

e its current position (road R¢ and coordinate xc);
e its destination Dc;
e the whole planned path toward destination, i.e., the function NEXTROADc.

All of these pieces of information come with the timestamp of the rendezvous and are
stored in the OPUs of both vehicles. We also assume that vehicles communicate every §c¢
time units (so as not to burden the radio network) and that vehicles forget the information
older than ém time units. This introduces a memory in the system. Lastly, the cascade effect:
if enabled, vehicles transmit not only the information related to themselves, but also all the
pieces of information related to the other vehicles they have collected and that they have not

forgotten yet.
These additional parameters dedicated to V2V models are summarized in Table 2.
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3.1 Test 2: Spreading of Information

Before investigating the role of the various degrees of rationality in the context of V2V
communications, we want to focus on the spreading of information across the network.

We consider the 5 x 5 Manhattan-like network with random OD pairs and Lg = 300.
The cars start to move at the same time, and we label them as “active” until they reach their
destination. At that point, they are labeled as “inactive”. In addition, we denote by N,(t)
the number of active cars at time ¢ (always bounded by N¢), by Kc(#) the set of active cars
known by car C at time ¢ (it is well defined only if C is active), and by K(?) its cardinality.
The quantity of our interest will be then

Knr(t) := % Y Ke®, ©)
a(0) Cis active

which expresses a sort of global knowledge across the network. If Kar(f) = N, (1), the

knowledge saturates, since all active cars know all other active cars.

In order to simplify the numerical tests, in the following we limit ourselves to the BB, i.e.,
we assume that all cars follow the (static) shortest path to their destination. Moreover, we use
reference parameters as given in Table 2, and then we increase/decrease them one at a time in
order to study the sensitivity of K s to those parameters; see Fig. 5. For an easier comparison,
in all figures the result obtained with the reference parameters is repeated (purple line). In
addition, we also plot N, (¢) as an upper bound for the knowledge indicator K ar(z).

Figure 5a shows the impact of the cascade effect. As expected, removing the cascade
effect slows down the spreading of the information. Also, disabling the cascade effect, not
only is K lower, but it also never saturates. Figure 5b shows the sensitivity with respect
to the parameter c. Peaks in correspondence with communications are clearly visible. In
between, K nr remains constant or decreases as some cars become inactive. Figure 5S¢ shows
the sensitivity with respect to the parameter R. One can see that if R is small, K s does not
saturate even if the cascade effect is enabled. Figure 5d shows the sensitivity with respect to
the parameter Nc. As expected, K ar is proportional to N¢, and the first time K s saturates
is inversely proportional to it. This parameter seems to be the one with the most impact on
the information spreading. Figure Se shows the sensitivity with respect to the parameter N;.
In this case we observe the opposite behavior with respect to the previous case, i.e., K s is
inversely proportional to Nj, while the first time of saturation is proportional to it. Finally,
Fig. 5f shows the sensitivity with respect to the parameter dm. If cars have no memory the
number of known cars equals the number of cars within the distance R at any given time.
For small or mid-size values of §m, the function K s does not saturate.

3.2 Reactive User Equilibrium (RUE) with V2V Communications

In this section, we propose a model for investigating the RUE in the context of V2V com-
munications (V2V-RUE). The idea is that any rational decision-making (path choice, in our
case) must be limited by the knowledge acquired by vehicles through communications.

Asrecalled in Sect. 2.3, the RUE is based on the assumption that vehicles cannot make any
prediction of the others’ future positions but continuously re-optimize their path on the basis
of the knowledge of the current state of the whole system. The main difficulty we face here
is the fact that rendezvous happen at different times, meaning that each car has knowledge
of others’ positions which is sparse in time. This means that even if car C has encountered
many cars in the past, it has no knowledge of the current state of the system.
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Fig.5 Test 2. Spreading of information
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Before giving the details of the new model, we need to modify the weight function w,
adding a dependence on the car Citself, i.e., let us consider the function (C, 7, R) — wc(7, R).
This is a crucial step because the weight of a road is computed observing cars staying or
moving on that road, and, in our context, each car C has a different knowledge of the traffic.
More precisely, each car is aware only of the subset /Cc of cars actually on the roads, therefore
each car can, in general, make a different estimate of the road weights.

3.2.1 The V2V-RUE Model

The model we propose is based on two main assumptions: i) at each rendezvous, cars share
their current position and destination only; ii) at each fixed time 7, each car is able to nowcast*
the positions of the known cars by means of a parallel fictitious simulation. In the parallel
simulation done by car C, we assume that the network is populated only by cars in K¢, and
that they move along a minimum-time path, computed, in turn, employing the road weights
we(t, +), i.e., the weights based on C’s knowledge only.

Summarizing, at any fixed time 7 and for any car C:

-

car C forgets all known cars encountered more than §m time units in the past;

ii positions of all cars C’ € Kc(F) are nowcast, in an imaginary fictitious simulation, from
the last rendezvous time 7 to time 7 using (1)—(2), assuming that only cars in Kc(7)
are present on the network. For doing this, a temporary NEXTROADnC, (s,),s €[t,0)is
computed by (4) using we(s, -), s € [f, );

iii if 8¢ time units have passed since the last communication, car C checks for new rendezvous
in order to update K¢ (7). It gets current position and destination of any other car ¢’ within
communication distance R. If car C’ was already previously encountered, new pieces of
information overwrite the old ones;

iv weights we(7, -) are computed using cars in K¢ (7) only;

vV NEXTROAD(Z, -) is computed using (4);

vi NEXTROADc(f, -) is used in (1)—(2) to move car C ahead.

Remark 2 (Nowecast inaccuracy) The nowcast procedure does not provide, in general, the
correct estimation of the current position of the known cars. This happens because in Step
ii, a car C’ known by car C is imaginarily moved along the network using NEXTROADE, rather
than NEXTROAD(. This generates a discrepancy between the estimate and the real positions
of known cars of any car, i.e., between the factors that influence the optimal path planning
and those that influence the real vehicle dynamics. The discrepancy disappears only for large
enough values of R, since in that case all cars get full knowledge of the system.

3.2.2 Test 3: The “blissful ignorance” Paradigm

In this test we consider both 3 x 3 and 5 x 5 Manhattan-like road networks with Lz = 50,
N¢ = 100, ¢ = 0 (actually corresponding to ¢ = At in the numerical discretization, i.e.,
rendezvous are continuously enabled), §m = +o0o and no cascade effect. Regarding OD
pairs, we consider:

e random origins and destinations;
e random origins and a single fixed destination (at the top-center of the network);

4 nowcast is a term often used in the engineering literature which merges the words “now” and “forecast”,
meaning a prediction from the past to the current time (now).
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o fixed origins (spread on two roads) and a single fixed destination (at the top-right corner).

In this test we study in particular the behavior of the TTT for the V2V-RUE as a function
of R. The two extreme cases are already known: for R = 0 we recover the BB (since all cars
behave as they were alone on the network), while for R — +o0o we recover the standard
RUE (since all cars are aware of the exact and up-to-date position of any other car at any
current time).

For intermediate values of R a nice feature comes to light. In fact, one could expect that
the larger the communication range, the more information is available, and the lower is TTT.
Surprisingly enough, this is not always true, since the lowest values of TTT can be obtained, in
some cases, with mid-size communication ranges. This happens, e.g., in the case of random
destinations (Figs. 7b—d), but not if we consider a unique destination for all cars (at the
top-right corner (see Fig. 7a), or at the top-center of the network (see Fig. 7c)).

In our opinion, this “blissful ignorance” paradigm can be explained by considering that
large values of R require each car C to take into account many other cars that are far from
C, and probably will never meet C. If C deviates from the shortest path to avoid such cars,
it will probably do something useless, if not disadvantageous. In contrast, if C knows only
nearby cars, it will take into account cars that are more likely to be really encountered along
the trip. Also, it seems that ignoring far vehicles can be so advantageous in some cases that
it compensates for the fact that a small communication range tends to increase the error in
estimating the positions of the known cars (Remark 2).

3.2.3 Test 4: a New Traffic Equilibrium

An intriguing aspect of the V2V-RUE is the possibility of defining a new type of system
equilibrium. Let us explain why we expect it to exist by means of a specific example: consider
a network populated by many cars, and focus on a car C in particular with a given OD pair
and a mid-size communication range R. Assume that the shortest path Ps joining the origin
and destination is highly congested, so that it does not coincide with the fastest path. Assume
also that a longer—and less congested—path exists, say Py, and that it is actually the fastest
path among all possible ones (the one to be preferred).

The interesting point is that neither path can actually be chosen by car C. If we force the
car to choose the shortest and congested path Pg, the car will encounter a large number of
other cars (since the path is congested), then the information collected will allow the car
to understand that a longer but less congested path is preferable. Conversely, if we force
the car to choose the longer and uncongested path Py, the limited amount of traffic-related
information will not allow the car to recognize that path as optimal; instead, the shortest path
will be preferred (if car C is not aware of any congestion, it will naturally tend to prefer the
shortest path).

In conclusion, we expect there to exist a third path that represents a balance point between
congestion degree, amount of traffic information, and travel time. If it exists, the equilibrium
path PY for car C will be characterized by the fact that it allows car C to encounter the
right amount of cars, and then to have the right amount of traffic-related information, such
that the path PZ itself is recognized to be the fastest path among all possible ones.

Figure 6> shows a specific system configuration on the 5 x 5 Manhattan-like network with
Nc = 50, for which these three paths (shortest, longer optimal, equilibrium) can be explicitly

5 Fig. 6b: www.emilianocristiani.it/attach/paper_trafficV2Vmicro_shortest.mp4,
Fig. 6¢: www.emilianocristiani.it/attach/paper_trafficV2Vmicro_fastest.mp4,
Fig. 6d: www.emilianocristiani.it/attach/paper_trafficV2Vmicro_equilibrium.mp4.

@ Springer



Communications on Applied Mathematics and Computation

n=1

n | F | |
I A
I—I—Ikkfllgl
| | | \/;

=320 n=252 n=279

(b) Shortest path (c) Optimal path (d) Equilibrium path

Fig.6 Test 4. A system configuration such that an equilibrium path exists. a The tracked car starts from the
bottom-right corner and must reach the top-right corner. b The shortest path (thick black line) corresponds
to a straight line in the vertical direction, but it is very congested. Arrows show that V2V-RUE dynamics
would suggest moving leftward and choosing a longer path. ¢ The optimal path corresponds to a much longer
path with respect to the shortest one (thick black line). This path is free of congestion. Arrows would suggest
moving towards a shorter path. d The equilibrium path (thick black line) is quite contorted and curvy, but it
perfectly matches the red arrows

computed. The simulation is realized by manually assigning the origin, destination, and whole
path to each car on the network. In addition, only for the car of interest, we depict at each
passed junction a red arrow indicating the choice that the driver would have made if he had
been free to decide his path with V2V-RUE dynamics. If all arrows point toward the road
actually chosen, the path is in equilibrium.

3.3 Dynamic User Equilibrium (DUE) with V2V Communications

A model for computing the DUE using V2V communications can be devised in several ways,
but, in our opinion, the necessary ingredient should be the possibility, for any car, to forecast
the path of some other cars, in order to optimize its own path on the basis of that prediction.
Also, in a V2V context, it is natural to assume that prediction can be made only for known
(encountered) cars.
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Along these lines, a natural generalization can be derived by assuming that each car C, at
any given time ¢, finds its local Wardrop equilibrium with the cars it knows. This means that
car C plays a solo game which consists in iterating forward-in-time and backward-in-time
equations involving only itself and cars it knows. Note that this should be all done with the
information possessed by C, and should be repeated at any time because the information
changes over time. This model would surely coincide with DUE in the limit R — +o0, but,
unfortunately, it seems to be quite complicated to be implemented in a numerical code. For
this reason, we have preferred to consider another scenario, described in the next section.
We expect that, also in this case, convergence to DUE is guaranteed, but a precise theoretical
framework for that is not easy to devise and it is out of the scope of this paper.

3.3.1 The V2V-DUE Model

We assume that at each rendezvous, each car C shares not only its current position and its
destination, but also its planned path, i.e., the function (¢, J) — NEXTROADc(?, J). Exploiting
this information, each car can easily predict the path of the other cars it knows without
arbitrariness (cf. Remark 2), and then it can optimize its own path on the basis of that
prediction.

For better clarity, let us consider the limit case R — —+o¢: in this case all cars reencounter
all other cars every §c time units. At every fixed time 7, each car C is able to forecast the
positions of all other cars at any future time ¢ > 7 using their (communicated) best strategies,
and then it is able to devise its own best strategy for the current and future time. At the next
communication time, all the updated best strategies are shared with all the others in the new
rendezvous, then new predictions are made and finally new best strategies are computed.
This scenario actually corresponds to a delayed version of the forward-backward iterations
strategy used for computing DUE (Sect.2.4), where 8¢ time units are interposed between
two consecutive forward-in-time dynamics predictions. Roughly speaking, it is like cars start
moving while they are still computing the equilibrium dynamics, because they have to wait
8¢ time units to get the others’ up-to-date best strategies.

Summarizing, at any fixed time 7 and for any car C:

i car C forgets all known cars encountered more than §m time units in the past;

ii positions of all cars ¢’ € K (f) are nowcast, in an imaginary fictitious simulation, from
the last rendezvous time 7 to time 7 using (1)-(2) and NEXTROAD¢ (s, ), s € [f,1),
assuming that only cars in K¢ (f) are present on the network;

iii if 8¢ time units have passed since the last communication, car C checks for new rendez-
vous. It gets the current position, destination, and the function NEXTROAD (-, -) of any
other car ¢’ within communication distance R. If car " was already previously encoun-
tered, new pieces of information overwrite the old ones;

iv positions of all cars ¢’ € K¢(f) known by car C are predicted at any time ¢ > f using
(1)—~(2) and NEXTROAD, assuming that only cars in /Cc(7) are present on the network;

v weights we(z, -), for any ¢ > £, are updated using cars in Kc(7) only;

vi NEXTROAD(?, -), for any ¢ > 7, is recomputed using (6) (in the time interval [z, Ty ]);

vii NEXTROADc(7, -) is used in (1)—(2) to move car C ahead.

Remark 3 The model described above is expected to converge (in some sense) to the DUE
for R — 400 and ¢ — 0. Note also that in a time-discrete context, the time step At plays
the role of a delayer parameter as dc¢ does. In fact, since rendezvous happen at each time
step, the minimum delay is At even if ¢ = 0. Thus, considering time discretization too, also
At — 0 is obviously required for convergence.
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3.3.2 Test5

In this section, we repeat the same investigations as in Test 3 for V2V-DUE, with the same
parameters; we also compare V2V-RUE with V2V-DUE. In Figs. 7b—d we observe again
the blissful ignorance paradigm in the case of random OD pairs. This time, the capacity of
forecasting the others’ dynamics seems to mitigate the advantage of having a small commu-
nication range in the 5 x 5 network, where traffic never reaches a high degree of congestion,
while it is even accentuated in the 3 x 3 network where long queues appear. In the case of
fixed destinations or fixed OD pairs, instead, the TTT decreases almost monotonically as R
increases; see Fig. 7a.

We have also checked the correctness of the limit behaviors R = 0 and R = +o00. In
the first case, the TTT of both V2V-RUE and V2V-DUE always coincides with that of BB.
In the second case, the TTT of V2V-RUE always coincides with that of RUE, while for V2V-
DUE the situation is more delicate. Whenever DUE exists and forward-backward iterations
converge, the TTT of V2V-DUE coincides with that of DUE. If instead DUE is unstable
and forward-backward iterations do not converge, we are not able to say anything about the
convergence of V2V-DUE to DUE.

Finally, let us note that, in some cases, the TTT of V2V-DUE is equal to or larger than the
TTT of V2V-RUE; see Figs. 7a—c. Actually, we have also observed that in the setting of Fig.
4b, for some particular initial conditions, also DUE’s TTT is equal to or larger than RUE’s
TTT. This is not in principle impossible to happen, and we think that the main reason is the
great number of equivalently optimal paths in the Manhattan-like network.

4 Conclusions and Future Work

In this paper, we have proposed two models for traffic flow on a network based on V2V com-
munications. Unlike the majority of existing models, here vehicles share their destinations
and possibly their planned path, thus allowing vehicles to predict the others’ paths within a
certain degree of accuracy. Since both V2V-RUE and V2V-DUE involve prediction of the
others’ behavior to a certain extent, in both cases we face a differential game which leads to a
possible equilibrium configuration. This equilibrium is difficult to characterize and strongly
depends on the system at hand, especially on the shape of the road network and OD pairs.

One of the most interesting results regards the role played by the communication range R.
In the two extreme cases R = 0, R = 400, we easily recover the well-known behaviors BB
and RUE/DUE, respectively. In between, where only limited information is available, new
dynamics and traffic equilibria appear, which would be nice to be analytically characterized.

As future work, we aim at studying the many-particle limit of the V2V dynamics, in
order to find the macroscopic counterpart of the proposed models. This seems to be a quite
challenging goal since classical multi-population models are not detailed enough to describe
the dynamics. Even if we use separate density functions pp (¢, x) for describing groups of
vehicles with different destinations, it remains the problem of keeping track of the different
information collected by different vehicles during the journey.
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Fig. 7 Tests 3 and 5. TTT as a function of the communication range R, for V2V-RUE and V2V-DUE,
Manhattan-like network 3 x 3 and 5 x 5, 100 cars

Appendix A Implementation Details

The numerical codes for V2V-RUE and V2V-DUE are complex and tricky, and many details
can be missed at first glance. In this Appendix, we list the most important ones.

e In the dynamical system (1), the computation of §- requires the computation of
NEXTCARc, which, in turn, requires the knowledge of NEXTROADc. This is because the
car ahead of C must be searched along the path of C, the path of C must be known.

e When method M4 is considered for DUE, the DPP must be slightly modified with respect
to the standard version (6). In fact, when one simulates the dynamics of the probe vehi-
cle from the beginning to the end of any road R, one must consider all the possible
NEXTROAD’s it can have once it reaches the end of the road (because different NEXTROAD
means different NEXTCAR, then different dynamics, as pointed out in the previous com-
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ment). As a consequence, the function w depends not only on # and R, but also on any
road outgoing from the end of road R. The minimum in (6) must be then extended by
covering these additional cases.

e Cars do not know themselves, i.e., C ¢ Kc. Moreover, any time a fictitious simulation is
run (e.g., nowcast for V2V-RUE, nowcast and forecast for V2V-DUE)), cars in /¢ cannot
take into account the presence of C itself in their dynamics, otherwise inconsistencies
can arise.

e Once a car reaches its destination, it becomes inactive and it is no longer seen by the other,
still active, cars. This is true both in real and fictitious simulations. Moreover, weights
w must be computed only considering active cars at any given time. Therefore, it can
happen that in fictitious simulations, a car ¢ € K¢ N K can be, say, active for C and
inactive for C’. Therefore, it is important to keep track of the status of each car at any
time in all simulations in which it is involved.
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