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These notes list some numerical methods for the advection equation with constant coef-
�cients in one dimension.

Contents

1 Basic notations 2

2 Time discretization 2

2.1 Forward Euler I order . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
2.2 Runge-Kutta TVD II order . . . . . . . . . . . . . . . . . . . . . . . . 2
2.3 Runge-Kutta TVD III order . . . . . . . . . . . . . . . . . . . . . . . 3

3 Space discretization for the advection equation with constant coe�cient 3

3.1 Upwind method (UPW) [4] . . . . . . . . . . . . . . . . . . . . . . . . . . 3
3.2 Lax-Wendro� (LW) [4] . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
3.3 Beam Warming (BW) [4] . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
3.4 Semi-Lagrangian I order (SL1) [3] . . . . . . . . . . . . . . . . . . . . 3
3.5 Semi-Lagrangian II order (SL2) [3] . . . . . . . . . . . . . . . . . . . . 4

1



3.6 Semi-Lagrangian III order (SL3) [3] . . . . . . . . . . . . . . . . . . . 4
3.7 Flux Limiter (FLUXLIM) [4] . . . . . . . . . . . . . . . . . . . . . . . . . 4
3.8 Semi-Lagrangian II order WENO (SL2WENO) [1, 3] . . . . . . . . . . 5
3.9 Conservative Semi-Lagrangian III order (CSL3) [6] . . . . . . . . . . 5
3.10 Conservative Semi-Lagrangian V order (CSL5) [6] . . . . . . . . . . 6
3.11 Conservative Semi-Lagrangian III order WENO (CSL3WENO) [6] . . 6
3.12 WENO III order (WENO3) [5] . . . . . . . . . . . . . . . . . . . . . . . . 7
3.13 Runge Kutta Discontinuous Galerkin III order (RKDG3) [2] . . . . 7

1 Basic notations

Let us consider a structured (rectangular) grid {xi, tn}, i = 1, . . . , N , n = 1, . . . ,M , with
time step ∆t and space step ∆x. Denote by Uni the approximate value of a function u
at the grid node (xi, t

n).
Let us de�ne the constant

λ :=
∆t

∆x
.

Let us consider the initial value problem{
∂tu(x, t) + ∂x[f(u(x, t))] = 0, x ∈ R, t > 0,
u(x, 0) = u0(x).

Hereafter we will consider numerical schemes written in the form

∂tu(xi, t
n) = Li(u(·, tn)),

so that one can easily decouple the space discretization and the time discretization.

2 Time discretization

Given Li, one can write a high-order-in-time approximation scheme by using the following
approximations [7, Sect. 4.2.1].

2.1 Forward Euler I order

Un+1 = Uni + ∆tL(Un)

2.2 Runge-Kutta TVD II order

U (1) = Un + ∆tL(Un)

Un+1 =
1

2
Un +

1

2
U (1) +

1

2
∆tL(U (1))
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2.3 Runge-Kutta TVD III order

U (1) = Un + ∆tL(Un)

U (2) =
3

4
Un +

1

4
U (1) +

1

4
∆tL(U (1))

Un+1 =
1

3
Un +

2

3
U (2) +

2

3
∆tL(U (2))

3 Space discretization for the advection equation with

constant coefficient

Let us consider the initial value problem{
∂tu(x, t) + a∂xu(x, t) = 0, x ∈ R, t > 0,
u(x, 0) = u0(x),

with a > 0. Let us de�ne the CFL parameter

ζ := aλ

and assume that ζ ≤ 1 (included semi-Lagrangian schemes).

3.1 Upwind method (UPW) [4]

∆tLi(Un) = −ζ(Uni − Uni−1), i = 2, . . . , N

3.2 Lax-Wendro� (LW) [4]

∆tLi(Un) = −1

2
ζ(Uni+1 − Uni−1) +

1

2
ζ2(Uni+1 − 2Uni + Uni−1), i = 2, . . . , N − 1

3.3 Beam Warming (BW) [4]

∆tLi(Un) = −1

2
ζ(3Uni − 4Uni−1 + Uni−2) +

1

2
ζ2(Uni − 2Uni−1 + Uni−2), i = 3, . . . , N

3.4 Semi-Lagrangian I order (SL1) [3]

∆tLi(Un) = −Uni + I[Un](x∗) i = 2, . . . , N

x∗ = xi − a∆t, (x∗ ∈ [xi−1, xi))

I[Un](x) = γ1x+ γ2, x ∈ R
γ ∈ R2 solution to(

xi−1 1
xi 1

)(
γ1
γ2

)
=

(
Uni−1

Uni

)
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3.5 Semi-Lagrangian II order (SL2) [3]

∆tLi(Un) = −Uni + I[Un](x∗) i = 3, . . . , N

x∗ = xi − a∆t, (x∗ ∈ [xi−1, xi))

I[Un](x) = γ1x
2 + γ2x+ γ3, x ∈ R

γ ∈ R3 solution to x2i−2 xi−2 1
x2i−1 xi−1 1
x2i xi 1

 γ1
γ2
γ3

 =

 Uni−2

Uni−1

Uni


3.6 Semi-Lagrangian III order (SL3) [3]

∆tLi(Un) = −Uni + I[Un](x∗) i = 3, . . . , N − 1

x∗ = xi − a∆t, (x∗ ∈ [xi−1, xi))

I[Un](x) = γ1x
3 + γ2x

2 + γ3x+ γ4, x ∈ R
γ ∈ R4 solution to

x3i−2 x2i−2 xi−2 1
x3i−1 x2i−1 xi−1 1
x3i x2i xi 1
x3i+1 x2i+1 xi+1 1




γ1
γ2
γ3
γ4

 =


Uni−2

Uni−1

Uni
Uni+1


3.7 Flux Limiter (FLUXLIM) [4]

∆tLi(Un) = λ(H− −H+), i = 3, . . . , N − 1

H+ = aUni +
1

2
a(1− ζ)φ

(
Uni − Uni−1

Uni+1 − Uni + ε

)
(Uni+1 − Uni )

H− = aUni−1 +
1

2
a(1− ζ)φ

(
Uni−1 − Uni−2

Uni − Uni−1 + ε

)
(Uni − Uni−1)

ε = small constant (10−6)

φ(r) =

{
minmod(1, r) [minmod limiter]
max(0,min(1, 2r),min(2, r)) [superbee limiter]

minmod(a, b) =


a if |a| ≤ |b| and ab > 0
b if |a| > |b| and ab > 0
0 if ab ≤ 0
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3.8 Semi-Lagrangian II order WENO (SL2WENO) [1, 3]

∆tLi(Un) = −Uni + I[Un](x∗) i = 3, . . . , N − 2

x∗ = xi − a∆t, (x∗ ∈ [xi−1, xi))

I[Un](x) = wLPL(x) + wRPR(x), x ∈ R
PL(x) = γ1x

2 + γ2x+ γ3, x ∈ R
PR(x) = δ1x

2 + δ2x+ δ3, x ∈ R x2i−2 xi−2 1
x2i−1 xi−1 1
x2i xi 1

 γ1
γ2
γ3

 =

 Uni−2

Uni−1

Uni


 x2i−1 xi−1 1

x2i xi 1
x2i+1 xi+1 1

 δ1
δ2
δ3

 =

 Uni−1

Uni
Uni+1


wL(x) =

αL(x)

αL(x) + αR(x)
, x ∈ R, wR(x) =

αR(x)

αL(x) + αR(x)
, x ∈ R

αL(x) =
CL(x)

(βL + ε)2
, x ∈ R αR(x) =

CR(x)

(βR + ε)2
, x ∈ R

ε = small constant (10−6)

βL =
13

12
(Uni−2)

2 +
16

3
(Uni−1)

2 +
25

12
(Uni )2 − 13

3
Uni−2U

n
i−1 +

13

6
Uni−2U

n
i −

19

3
Uni U

n
i−1

βR =
13

12
(Uni+1)

2 +
16

3
(Uni )2 +

25

12
(Uni−1)

2 − 13

3
Uni+1U

n
i +

13

6
Uni+1U

n
i−1 −

19

3
Uni U

n
i−1

CL(x) =
xi+1 − x

3∆x
, CR(x) =

x− xi−2

3∆x

3.9 Conservative Semi-Lagrangian III order (CSL3) [6]

∆tLi(Un) = − 1

∆x
(H+ −H−), i = 3, . . . , N − 1

H+ = ∆x(C1U
n
i−1 + C2U

n
i + C3U

n
i+1)

H− = ∆x(C1U
n
i−2 + C2U

n
i−1 + C3U

n
i )

C1 =
1

6
(ζ3 − ζ), C2 = −1

3
ζ3 +

1

2
ζ2 +

5

6
ζ, C3 =

1

6
ζ3 − 1

2
ζ2 +

1

3
ζ
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3.10 Conservative Semi-Lagrangian V order (CSL5) [6]

∆tLi(Un) = − 1

∆x
(H+ −H−), i = 4, . . . , N − 2

H+ = ∆x(C1U
n
i−2 + C2U

n
i−1 + C3U

n
i + C4U

n
i+1 + C5U

n
i+2)

H− = ∆x(C1U
n
i−3 + C2U

n
i−2 + C3U

n
i−1 + C4U

n
i + C5U

n
i+1)

C1 =
1

30
ζ − 1

24
ζ3 +

1

120
ζ5, C2 = −13

60
ζ − 1

24
ζ2 +

1

4
ζ3 +

1

24
ζ4 − 1

30
ζ5

C3 =
47

60
ζ +

5

8
ζ2 − 1

3
ζ3 − 1

8
ζ4 +

1

20
ζ5, C4 =

9

20
ζ − 5

8
ζ2 +

1

12
ζ3 +

1

8
ζ4 − 1

30
ζ5

C5 = − 1

20
ζ +

1

24
ζ2 +

1

24
ζ3 − 1

24
ζ4 +

1

120
ζ5

3.11 Conservative Semi-Lagrangian III order WENO (CSL3WENO) [6]

∆tLi(Un) = − 1

∆x
(H+ −H−), i = 3, . . . , N − 1

H+ = w+
1 H

+
1 + w+

2 H
+
2 , H− = w−

1 H
−
1 + w−

2 H
−
2

w±
i =

w̃±
i

w̃±
1 + w̃±

2

, i = 1, 2

w̃±
i =

γi

(ε+ β±i )2
, i = 1, 2

ε = small constant (10−6)

γ1 =
1

3
(1 + ζ), γ2 =

1

3
(2− ζ)

β+1 = (Uni−1 − Uni )2, β+2 = (Uni − Uni+1)
2, β−1 = (Uni−2 − Uni−1)

2, β−2 = (Uni−1 − Uni )2

H+
1 = ∆x(C1U

n
i−1 + C2U

n
i ), H+

2 = ∆x(C3U
n
i + C4U

n
i+1)

H−
1 = ∆x(C1U

n
i−2 + C2U

n
i−1), H−

2 = ∆x(C3U
n
i−1 + C4U

n
i )

C1 = −1

2
ζ +

1

2
ζ2, C2 = −1

2
ζ2 +

3

2
ζ, C3 =

1

2
ζ +

1

2
ζ2, C4 = −1

2
ζ2 +

1

2
ζ
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3.12 WENO III order (WENO3) [5]

Li(Un) = − a

∆x

(
Ri(xi+1/2)−Ri−1(xi−1/2)

)
Ri(x) = wiP

−
i (x) + (1− wi)P+

i (x), x ∈ R
Ri−1(x) = wi−1P

−
i−1(x) + (1− wi−1)P

+
i−1(x), x ∈ R

wi =

1
2(ε+βi)2

1
2(ε+βi)2

+ 1
(ε+βi+1)2

=

(
1 +

2(ε+ βi)
2

(ε+ βi+1)2

)−1

wi−1 =

(
1 +

2(ε+ βi−1)
2

(ε+ βi)2

)−1

ε = small constant (10−6)

βi−1 = (Uni−1 − Uni−2)
2, βi = (Uni − Uni−1)

2, βi+1 = (Uni+1 − Uni )2

P−
i (x) = Uni +

Uni − Uni−1

∆x
(x− xi), x ∈ R

P+
i (x) = Uni +

Uni+1 − Uni
∆x

(x− xi), x ∈ R

P−
i−1(x) = Uni−1 +

Uni−1 − Uni−2

∆x
(x− xi−1), x ∈ R

P−
i−1(x) = Uni−1 +

Uni − Uni−1

∆x
(x− xi−1), x ∈ R

3.13 Runge Kutta Discontinuous Galerkin III order (RKDG3) [2]

U(x, tn+1) = V n+1
0,i +

12

∆x
V n+1
1,i (x− xi) +

180

∆x2
V n+1
2,i

(
(x− xi)2 −

∆x2

12

)
, x ∈ [xi− 1

2
, xi+ 1

2
]

or for the mean value∫ x
i+1

2

x
i− 1

2

U(x, tn+1)dx =
1

12

(
V n+1
0,i − 6V n+1

1,i + 30V n+1
2,1

)
+

5

12

(
V n+1
0,i −

6√
5
V n+1
1,i − 6V n+1

2,1

)

+
5

12

(
V n+1
0,i +

6√
5
V n+1
1,i − 6V n+1

2,1

)
+

1

12

(
V n+1
0,i + 6V n+1

1,i + 30V n+1
2,i

)
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Initialization:

x1 = xi −
∆x

2
, x2 = xi −

∆x

2

√
1

5
, x3 = xi +

∆x

2

√
1

5
, x4 = xi +

∆x

2

V 0
0 =

1

∆x

∫ x
i+1

2

x
i− 1

2

u0(x)dx =
1

12
u0(x1) +

5

12
u0(x2) +

5

12
u0(x3) +

1

12
u0(x4)

V 0
1 =

1

∆x

∫ x
i+1

2

x
i− 1

2

(x− xi)u0(x)dx =
1

12∆x
(x1 − xi)u0(x1) +

5

12∆x
(x2 − xi)u0(x2)

+
5

12∆x
(x3 − xi)u0(x3) +

1

12∆x
(x4 − xi)u0(x4)

V 0
2 =

1

∆x

∫ x
i+1

2

x
i− 1

2

(
(x− xi)2 −

∆x2

12

)
u0(x)dx =

1

12∆x2

(
(x1 − xi)2 −

∆x2

12

)
u0(x1)

+
5

12∆x2

(
(x2 − xi)2 −

∆x2

12

)
u0(x2) +

5

12∆x2

(
(x3 − xi)2 −

∆x2

12

)
u0(x3)

+
1

12∆x2

(
(x4 − xi)2 −

∆x2

12

)
u0(x4)

Time iteration:

V n+1
l =

1

3
V n
l +

2

3
V

(2)
l +

2

3
∆tLl(V

(2)
0 , V

(2)
1 , V

(2)
2 ), l = 0, 1, 2

V
(2)
l =

3

4
V n
l +

1

4
V

(1)
l +

1

4
∆tLl(V

(1)
0 , V

(1)
1 , V

(1)
2 ), l = 0, 1, 2

V
(1)
l = V n

l + ∆tLl(V n
0 , V

n
1 , V

n
2 ), l = 0, 1, 2

Space discretization:

L0,i(U) = − 1

∆x
(F+

i − F
−
i ), i = 2, . . . , N − 1

L1,i(U) = − 1

2∆x
(F+

i + F−
i ) +

1

12∆x
(f i0 + 5f i1 + 5f i2 + f i3)

L2,i(U) = − 1

6∆x
(F+

i − F
−
i ) +

1

12∆x
(f i3 − f i0 −

√
5f i1 +

√
5f i2 + f i3)

f i0 = a (V0,i − 6V1,i + 30V2,i) , f i1 = a

(
V0,i −

6√
5
V1,i − 6V2,i

)
f i2 = a

(
V0,i +

6√
5
V1,i − 6V2,i

)
, f i3 = a (V0,i + 6V1,i + 30V2,i)

F− = Fnum(U−
i− 1

2

, U+
i− 1

2

) = aU−
i− 1

2

, F+ = Fnum(U−
i+ 1

2

, U+
i+ 1

2

) = aU−
i+ 1

2

U−
i− 1

2

= V0,i−1 + 6V1,i−1 + 30V2,i−1, U+
i− 1

2

= V0,i − 6V1,i + 30V2,i

U−
i+1/2 = V0,i + 6V1,i + 30V2,i, U+

i+1/2 = V0,i+1 − 6V1,i+1 + 30V2,i+1

N.B. CFL condition requires ζ < 1
6 .

N.B. This version does not include slope limiters.
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General remarks

In the case of constant advection with CFL condition ζ ≤ 1, we have the following
equivalences: SL1≡UPW, SL2≡BW, SL3≡CSL3.
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