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These notes list some numerical methods for the advection equation with constant coef-
ficients in one dimension.
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1 BASIC NOTATIONS

Let us consider a structured (rectangular) grid {x;,t"},i=1,...,N,n=1,..., M, with
time step At and space step Az. Denote by U the approximate value of a function u
at the grid node (x;,t").

Let us define the constant
N At

o E-
Let us consider the initial value problem

{ Opu(z,t) + O [f(u(x,t))] = 0, zreR, t>0,
u(z,0) = up(x).

Hereafter we will consider numerical schemes written in the form
Opu(zi, t") = Li(u(-,t")),

so that one can easily decouple the space discretization and the time discretization.

2 TIME DISCRETIZATION

Given L;, one can write a high-order-in-time approximation scheme by using the following
approximations [7, Sect. 4.2.1].

2.1 Forward Euler I order
Ut = U + AtL(U™)
2.2 Runge-Kutta TVD II order

Ub) = U 4+ AtL(U™)
1 1 1
Ut = SU §U(1) + 5Atﬁ(U“))



2.3 Runge-Kutta TVD III order
Ut = U™ + AtL(U™)
3 1 1
@ _2pgry g4 = 1)
U 4U + 4U + 4At£(U )

Ul — %Un + ;U(Q) + ;Atﬁ(U@))

3 SPACE DISCRETIZATION FOR THE ADVECTION EQUATION WITH
CONSTANT COEFFICIENT

Let us consider the initial value problem

ou(z,t) + adyu(x,t) =0, reR, t>0,
u(z,0) = uo(z),

with a > 0. Let us define the CFL parameter
¢ :=aA
and assume that ¢ <1 (included semi-Lagrangian schemes).
3.1 Upwind method (UPW) [4]
ALL;(U™) = —=(U = UYy), i=2,...,N

(2

3.2 Lax-Wendroff (LW) [4]
n 1 n n 1 2 n n n .
AL (U™) = —iC( i —Uit) + §C (Ui =207 + UiLy), i=2,...,N—-1
3.3 Beam Warming (BW) [4]
1 1
ALLi(U™) = =5 C(BUF — AU, +UlLy) + §CQ(U{‘ —2UM, +UM,), i=3,...,N

3.4 Semi-Lagrangian I order (SL1) [3]

ALL,(U™) = =U + I[U"]|(z") 1=2,...,N
¥ = x; — at, (x* € [xi—1,3;))

IU™(z) =mx+ 7, xR

v € R? solution to

() (2)-(5%)



3.5 Semi-Lagrangian II order (SL2) [3]

ALL;(U™) = =U + I[U"|(z™) i=3,...,N
(x* € [xi—1,3;))

IU™(x) = ma®+ ez +73, z€R

v € R? solution to

vl iz 1 M Uy
xp g w1 v | = U
xzz z;, 1 Y3 Ul

3.6 Semi-Lagrangian III order (SL3) [3]

¥ = x; — aAt,

AL, (U™) = =U + I[U"](z*) 1=3,...,N—1
z* =z — alt, (z* € [zim1,2:))
I[U"](z) = 71333 + 72962 + x4+, z€R
v € R* solution to
Tl wi, wiz 1 " ur,
xl g wi g w1 72 | _ | UL
A TS| V3 up
wlg aig w1 o ur
3.7 Flux Limiter (FLUXLIM) [4]
AtL;(U™)=NH™ —H"), i=3,...,N—1

1 Ur —ur .
H™ = alUj" + a(1 - ()¢ <1> (U -

2 Uy — Ui +¢
1 Ur, —-ur,
H™ =aUl', + za(l — =72 ) —
a z—1+2a( C)qb(Uln_Ulnl_i_é_)( 7

¢ = small constant (107°)
b(r) = minmod(1,r)
- | max(0,min(1,2r), min(2,7))
a if |a] < |b] and ab >0
minmod(a,b) =< b if |a| > |b| and ab > 0
0 ifab<o

U

1)

[minmod limiter]
|[superbee limiter|



3.8 Semi-Lagrangian IT order WENO (SL2WENO) [1}, 3]

AtL;(U™) = =U + 1[U"| (") i=3,...,N—=2
¥ = x; — alt, (x* € [xim1, 1))

IIU™(z) = w,Pr(z) + wgPr(z), z€R

Pr(x) = yz? + vz 473, zeR

Pgr(x) = 122+ dox + 05, zeR

vl iz 1 M Uy
xp g w1 v | = Uk
z? x; 1 3 ur
1‘1271 Ti—1 1 51 Ul-ril
xf z;, 1 oo | = ur
v w1/ \ 03 Ui
ar(z) agr(x)
7 E R’ - —7 E R
wr () ar(z) + ag(x) o wr(z) ar(z) + ag(x) .
CL(l’) CR(l’)
= ——5, eER =, eR
OéL(x) (BL+E)2 T OZR(-T) (5R+E)2 z
¢ = small constant (107°)
_ 13 n \2 E n \2 % n\2 g n n E n n E nymm
Br = 12( o)+ 3 (UL)” + 12(Ui ) 3 UilUiZy + 5 UiLoU; 3 UitUi_4
3, ., o 16 .o 25 . o 13 . . 13 . . 19
Br = ﬁ( )"+ ?(Ui )°+ ﬁ( R 3 Uil + g UaUin — 5 Ui UL,
_ Ti1 — X :96—331‘—2
Crlz) = 3Ax Cr(®) 3Azx

3.9 Conservative Semi-Lagrangian IIT order (CSL3) [6]

1
AL (U™) = _AT:(H+ —H), i=3,...,N—1

HT = Az(CLU | + CoUP + C3U )
H™ = Ax(C U + CoUP 4 + C3UT)
1

_Loa_ _ Ll 1, 5 _ Ll 1, 1
Ci=3(=0, Cr=—3C+3C+3¢ C=1C -+



3.10 Conservative Semi-Lagrangian V order (CSL5) [6]

AtL;(U™) = _A%;(Iﬁ —H™), i=4,...,N—2

HT :A{L‘(ClUin_z—i-CgUin_l+03UZL+C4U2,_1+C5U£,_2)
H™ :A.Q:’(ClUﬁ_g,—i-CgUﬁQ—i-CgUﬁ_l+C4U£1+C5U{_LH)

_ . 1 1 _ B 1 1y 1y 1
Cr=30¢" 218 T3¢ =75t TS T8 T3¢ T3¢

_ 4T 5 1y 1y s _ 9, 50 Lo g 15
Cs=50¢ T3¢ ~3¢ —5¢ T3¢ Cr=gp¢—g¢ F ¢ TE¢ T3¢

1 1 1 1 1
Cr— (4~ 2 23 _ 24 = 5
5 50¢ T3¢ T g8 T ¢ T

3.11 Conservative Semi-Lagrangian III order WENO (CSL3WENQ) [6]

1
AtL;(U") = ———(HT - H™ i =3,...,N—1
(U") = — 5 ) i=3
HY =wiH +wiHy, H =wH] +wyH;

+ @j:
=t =12
wz ﬁ}li+62i 1

~4 Vi .
bE=—1 =12
L (e + BE)2
¢ = small constant (107°)
1

n=3040,  m=32-0

B = (UL UM B = (U UM’ BT = (U — UL’ By = (UL - UF)?
H = Ax(CL UL, + CU), H = Ax(C3U]" + C4U" )
H = Ax(CL U5 + C2U), H, = Ax(C3U" + C4U}")

1

_ 11 _ 1o 3 _ L 1o _ 1o 1
Ci=—3C+5C, G=—3C+5¢ Gy=3C+5C, Ci=—3+3C



3.12 WENO III order (WENO3) [5]

n a
L;(U") = N (Ri(xi-I—l/Q) - Ri—l(xi—1/2)>
Ri(z) = w; P (z) + (1 —w;)PM(z), z€R
Ri_1(z) =wi1 P (2)+ (1 —wi—1)P (z), z€R
1 _
EA I U CR AN
1 + 1 - (€+/8 1)2
2(e+p:)? (e+Bit1)? [
2(e + Bi_1)2>1
= (14 e
e ( G

¢ = small constant (1079)
Bior = (UL = UlLe)’, Bi= (U] = UL)? B = (Ul = UP)?

w; =

U —yn
Pg(x)zUMZTSZ—l(m—xi), reR
n o pn
Pf(x):Ui"—i—%(x—mi), z e€R
— n U’Ln— _Uzn—
P (z) = i—1+#(ﬂc—$i—l)> r€eR
ur ~up,

P (x)=U]"1 +— (x —xi—1), zeR

Ax

3.13 Runge Kutta Discontinuous Galerkin III order (RKDG3) [2]

12

U, ") = Vot +

Vi (@ — ) + sV (o — 2)? — —AmQ € x,_ 1,2, 1]
b YT Ag? 2 ' 12 )’ img7 ity

or for the mean value

., 1
ity 1 1 n+1 n+1 n+1 o n+1 6 n+1 n+1
Uz, ") dy = (‘fﬂ- _eynt +3()V+) (Var _ Oyt —6V+>
/x ( ) 192 0,7 1,4 2,1 192 0,7 \/5 1,4 2,1

1
-z

)
+12<V8?i+1+

6 1
vl P 6V 1) +t 13 (Ve + ovyt + sovg)



Initialization:

Ax Az |1 Az |1 Ax
TL= L= =y T2 = 8= o5 T3 = Tit+ 5~ 5 Ty =T+ -

VO—1/xi+%u(a:)dx—1u(ﬂs)+5u($)+5u(:v)+1u(a:)
" Az ), T 12 OV T g0V g TOAE T g O
=2
VP = ! /xH%(m—m)u (x)dx = ! (x1 — zi)uop(z1) + L (x2 — mi)up(z2)
1_A$z,1 i) W0 _12A1’1 i )wo\L1 12A$2 i )UO\ L2
i-3
o (m — auo(as) + o (wa — muole)
12Ag 18 7 TIUMONES) T g N W T 0L
1 Tiyl Ax? 1 Ax?
o_ L [Tl o AT7 _ b g2 2
VQ_Ax/m ) <(x zi) 12)“°($)dx 12A22 <(x1 zi) 12)“0(x1)
=2
5 5  Az? 5 5  Az?
+ gz ({0 = T ) o) + g (o0 = = G ot

1 2
* i (000 = ) ot

Time iteration:
Vit = %Vl” - %v;@) + ;At LvP VP V@), 1=0,1,2
v %Wn + in(l) + imﬁl%@)’ Oy —0,1,2
VI =V ALV VLV, 1=0,1,2

Space discretization:

Lo;(U) = —ﬁ(F;“ —-F7), i=2,...,N—1

L14lU) = =g (B + ) + o+ 50+ 505+ 1)

£24lU) = — g (B = B+ Ty (= fo = VBT + VB i+ 1)
fo=a(Vo;—6Vi;+301h:), fi=a (Vo - %Vu - 6V2>

fo=a (Vo,i + \%Vu - 6V2,i> ; fa=a(Vo,; +6Vi,; +30Va,)

F~ = Fnum(U;%, U::%) = aUZ:%, Ft = me(UZ.;%, U;%) = aU;%

U~ = Vo1 +6Vi;1+30Vo,_1, U;:; =W, —6Vi; +30Va;
2 2

U~ 5=V +6Vi;+ 30V, Ui—:l/2

i+1/2 =Vo,i+1 — 6V1it1 + 30Vo 41

N.B. CFL condition requires ¢ < %.
N.B. This version does not include slope limiters.



(GENERAL REMARKS

In the case of constant advection with CFL condition { < 1, we have the following
equivalences: SL1=UPW, SL2=BW, SL3=CSL3.
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